A linear, electromagnetic analysis is presented of the cavity mode structure and dispersion relations for waves with frequency near the electron plasma frequency in cylindrical plasmas with monotonically decreasing electron density and finite magnetic field. Analytic solutions are obtained which are exact in the limits when either the ratio of electron cyclotron to plasma frequency or the ratio of plasma size to parallel wavelength tends to infinity. Comparison with numerical solutions confirms that the analytic results are highly accurate even for fairly modest values of these ratios. Thermal effects are incorporated, including Landau (damping or) gain, which show the lowest order transverse modes to have greatest gain. These modes are highly localized near the cylinder axis so that the plasma itself acts as a cavity, regardless of edge boundary conditions. The theory thus enables an interpretation to be made of maser action in quasi-cylindrical plasmas such as Tokamaks.
Introduction
The characteristics of electromagnetic wave propagation in a bounded plasma have proven to be of recurrent interest. Trivelpiece and Gould 1 showed how the dispersion properties of bounded space charge waves could be explained and Bers 2 presented a rather general formalism for treating the problem and gave analyses of a variety of cases theoretically. In the years since then, various extensions and applications of these anlayses have been given.
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This continuing interest arises in part, of course, because of the bounded nature of laboratory plasmas which require this analysis for a proper understanding of their behavior. Theoretically, the interest and difficulty of the problem arises because the analysis can no longer be carried out with Fourier transformed quantities leading to algebraic equations, as in the infinite homogeneous plasma case, but must retain differential equations in the coordinate direction of the plasma inhomogeneity. Moreover, in the general case, the differential system obtained is of fourth order because of mode coupling, rather than the more familiar second order systems which are common in theoretical physics.
The problem has strong analogies with important problems in optical and microwave guides, although the plasma case, when a magnetic field is present, represents much stronger anisotropy (birefringence and optical activity) than typical optical fibre guides.
The present anlaysis is motivated by the experimental observation in toroidal plasmas, such as Tokamaks, of electromagnetic emission at (or near) the electron plasma frequency 4 when energetic non-thermal electrons are present in the plasma. Undoubtedly, in most cases the initial mechanism for excitation within the plasma is via the Cerenkov resonance. 5 ,6 That is, the waves are slow waves whose phase velocity along the field (which in Tokamaks is also essentially along the symmetry direction) is equal to the velocity of the exciting particles and hence less than c.
To the extent that the toroidal plasma can be approximated by an infinite periodic cylinder (for large aspect ratio) these slow waves retain constant longitudinal k-vector, k, and phase velocity. They are therefore, not propagating but evanescent in the radial direction outside the plasma and in the absence of additional asymmetries would not radiate into free space. Because the plasma is not homogeneous, even within the confinement region, but has a continuous variation with radius of, for example, electron density, there are regions within the plasma too where the waves can be considered evanescent. This designation is rather imprecise, though, because what is really required is not a WKBJ approach which assigns a local radial k-vector (real or imaginary corresponding to propagating or evanescent) but a full wave analysis. This analysis in principle provides us with the complete spatial mode structure of the electromagnetic fields as well as a dispersion relation for each mode when appropriate boundary conditions are applied. The point to be made here is that for the slow waves of interest, the plasma itself (without any nearby dielectric structures) acts as a wave-guide whose energy losses will be negligible if the dielectric losses of the plasma (collisions or Landau damping) are negligible.
The toroidal (periodic cylinder) plasma thus constitutes a high-Q cavity for slow electromagnetic waves. It is the purpose of the present study to calculate the cavity eigenmodes and frequencies for relevant cases, applicable to Tokamaks for example, and to relate the results to the observations of plasma frequency emission.
As far as we can discover, previous analyses are not sufficient for this purpose because they all involve approximations which are inappropriate for the case in mind. For cases in which a magnetic field is present (which is essential to our problem) it is common 7 to take the field to be effectively infinite (electron cyclotron frequency, Q >> plasma frequency,wp). This allows considerable simplification because it removes the optical activity and causes the modes to be decoupled (and hence second order). Our case of interest, though, is Q greater than Wp but not effectively infinite. Another common approximation is that an electrostatic treatment is sufficient, 7 normally requiring refractive index much greater than 1 (phase velocity << c). Again, since we are interested in possibly relativistic nonthermal electron populations, this is inappropriate. A third assumption which is often adopted is that the plasma is uniform with sharp boundaries. This too is not realistic in our case, since smooth variation of plasma density is inherent in most experimental cases and changes the character of the problem.
We address then, the rather general inhomogeneous anisotropic plasma case, in cylindrical geometry. We obtain the full cold-plasma (actually general non-spatially-dispersive medium) coupled wave equations for arbitrary density profile. We solve these for wp < Q for the mode correspond- The model we adopt initially for the plasma response is that of a plasma of cold electrons and stationary ions. The importance of this approximation is that thermal corrections to the plasma response give rise to spatial dispersion. For infinite homogeneous plasmas this causes only a modest increase of complexity, but in our finite plasma, where we cannot Fourier transform the equations in all three spatial dimensions, the effect of spatial dispersion is more serious. In our case, the response of a plasma with spatial dispersion cannot be included fully in an algebraic (non-differential) conductivity (a) and hence dielectric constant.
For now, therefore, we shall ignore thermal corrections. Following our analysis of the cold plasma case it will become clear how to include the thermal corrections accurate to the approximation of interest. For time dependence exp(-iwt) the plasma may be expressed by writing Eq.(2)
with the dielectric tensor c = (1 -(pc 2 /iw)a ) given by the standard cold plasma result which for B in the z-direction can be written
where we use the standard magnetoionic nomenclature:
We now write out Maxwell's equations for a cylindrically symmetric situation with background magnetic field in the z-direction and seek solutions proportional to exp i(kz + m6). The equations obtained constitute six homogeneous equations for the six unknowns E, B:
r dr r C2
Two of these equations are algebraic so the system is fourth order. This system can be expressed as two coupled-mode equations by using (6) and (9) to eliminate r components then solving the new versions of (7) and (10) for the 6 components in terms of the z-components. Substituting back into (8) and (11) one obtains after some algebra:
r \dr DeAJ)
where N is the longitudinal refractive index, kc/w , ko the vacuum kvector, w/c, and
is the determinant of the equation for 6 components in terms of z-components.
In these equations, we regard the left hand sides as the dominant part and the right hand sides as the coupling terms. The reason for this identification is that in the limiting cases Y + -or N +-the right hand sides + o so that we then obtain uncoupled E-and B-modes (TM and TE respectively). Note that in general the coupling can arise from two effects: (1) The optical activity ex * o, (from the first and second terms) regardless of nonuniformity of the plasma profile, (2) Inhomogeneity, dCA /dr * o, (from the third term) even if there is no optical activity,
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&.-o. The second effect is zero for m-o so the symmetric modes are not coupled by inhomogeneity as such.
The general dispersion problem consists of solving these equations with given X and Y profiles subject to boundary conditions: that E, B
should be regular at r-o and an appropriate condition outside the plasma (e.g. E, B + o as r +c). Such solutions will exist only for certain eigenvalues of the equation, i.e. only when w, N satisfy certain possible relationships. These are the dispersion relations of the different eigenmodes. We shall take Y(-B) to be uniform but X(-ne) to vary with r.
III. E-modes
In order to make progress analytically, we shall seek an approximate form of the equations which is tractable. We regard the quantities First, to lowest order, Eq. (12) becomes
r dr dr r 2 ) (we drop the z suffix for brevity), showing that the nature of the solution
Next, let us consider the relative magnitude of the additional terms compared to these leading terms. Noting that
Ex -,
we find that
so that provided N 2 -EA is not small the differential of the inner coefficient of the first term of Eq. (12) is of relative order 2 C.
The third term is of relative order ex e.
To estimate the order of the coupling terms we use the second equation
to obtain the order of B relative to E then couple back in the first.
The highest relative order of the coupling terms, arising from optical acitvity, is E L. The pure inhomogeneity 3rd coupling term is higher order. Thus, if we ignore terms of order ei e and higher the equations once again become uncoupled. Now we adopt a specific choice of density profile, parabolic such that
which, as noted earlier can be regarded as an approximation for any monotonically decreasing profile in the vicinity of r-o. Small e corresponds to large ka and small r/a; therefore, the modes are localized within radius r << a. This allows us to adopt as boundary condition E + o as r +-and to suppose that the parabolic profile Eq.(21) applies to r--with negligible effect on the eigenvalue. The equation may thus be cast as a 22
Sturm-Liouville problem ignoring cie terms:
with boundary conditions: E regular at r-o, zero at r--. The parameters X, y, in terms of the plasma parameters, are to appropriate order:
The solutions to this equation are
where Lm is the associated Laguerre polynomial 8 and n = (X 2 VI -2m -2)/4.
The requirement that n be integral, to ensure E + o at r + -, then immediately provides the dispersion relation:
m -0, 1, . . .) or, written out in full:
To transform this to a convenient form we write k2 = k 2 /XO where
kp -wo/c and note that to sufficient order we can take Y to be a/wPo (rather than 2/w) and in the final term take X -1 -X 2 /k p a(N 2 -1)1/2 so that the equation may be written
The right hand side, b, is now independent of w so that the explicit solution for w in terms of N is
This solution is accurate up to (and including) terms of order ee (i.e. 1/kaY) in X 0 -1 and hence to order 1/k 2 a 2 Y in u/we. It becomes exact in either limit ka + -or Y + -.
The analytic solution is particularly convenient because it allows us to obtain the (longitudinal) group velocity by direct differentiation.
We use dw c 1 
IV. Thermal Corrections
In an infinite homogeneous plasma the plasma response may be calcu- The approximation we have adopted, kpa >> 1, WVa << 1 in our treatment of the finite plasma leads to a situation in which the perpendicular derivatives of E are much smaller than the longitudinal derivatives (for the lower order modes). This leads us to the conclusion that the effective ki is small and we should consider the limit kivi/O + o. This approximation will again be exact in the limits: Y + -or kpa + -as well as the limit vj + o (cold plasma).
In this approximation the dielectric tensor becomes independent of transverse derivatives and hence is equally applicable to the finite plasma case. That is, we have removed all the transverse spatial dispersion. Moreover, we are interested in waves excited by the Cerenkov (Rmo) resonance so we shall choose to ignore all contributions from cyclotron resonance (X*o) to wave growth or decay.
In this case the only modification to the cold plasma dielectric is to replace the previous expression for ezz (-e) by
where k is now the longitudinal k-vector, f is the (normalized) onedimensional distribution function (integrated over perpendicular velocities), and v refers to longitudinal velocity only. This is the usual expression for the dielectric constant for longitudinal waves in a field free plasma (It should be noted, however, that Eq. 33 is a non-relativistic expression and so the imaginary part, dependent on relativistic particles for N-1, is only approximate. The relativistic corrections do not change qualitatively our result)
For w/k >> vt (assuming the distribution to be nearly 
where we now mean the value of e at r-o.
Then the real and imaginary parts of this equation provide the relations -b(wr)
ar Bw
Substituting our values for er and ei, the first equation gives the real part of the frequency as
where Nr -kc/wr. The second equation becomes
to first order in b, which can be solved in the same approximation to give:
ir c 2 at
We thus have obtained the appropriate generalization of the BohmGross dispersion and Landau damping or growth, applicable to this finite plasma case. The modification to the previous, cold plasma, real frequency is simply to multiply it by (1 + 3N2v2/c2)1/2 (We now drop the r suffix on N for brevity).
In calculating the group velocity it is sufficient to add to the cold plasma result (Eq. 31) the differential of g 0 3N 2 v2/2c 2 so that In order to calculate the longitudinal mode spacing it is necessary to account properly for the thermal contribution to the dispersion. Fig.   4a shows the dispersion curve including the Bohm-Gross correction Eq. (41) for this plasma (and n-m-o) as well as the cold plasma result. Clearly the thermal corrections can be appreciable.
The longitudinal mode spacing is given by
for which we require the group velocity Eq. (44). This is plotted in Our calculation of the imaginary part of the frequency Eq. (43) shows that for any given N (and hence set of resonant electrons) the mode with the greatest gain (or damping if 3f/3v < o) is the lowest order mode n-m-o. Of course, the differences in the growth rate are small, ~ 1-wo, so that excitation of higher modes is not completely ruled out, particularly if the shap* of f has significant spatial variation. However, it does
show that we expect low order modes in general to be the most unstable.
This fact, and the calculations indicating frequency extremely close Our analysis allows observation of radiation to be used as diagnostic of a central electron density and nonthermal electron distributions.
The modelling of the Tokamak case is only approximate because effects of poloidal magnetic field and toroidicity have not been included. However, because E-modes are highly localized near the axis, the effective aspect ratio is very large and these effects should be small. The B-modes which we have not analyzed, corresponding to the other dispersion branch, the slow extraordinary wave in the vicinity of wp, are much less localized.
These waves are more sensitive, therefore, to density profile effects and toroidicity. In some cases, they are able to radiate directly into free space 6, 11. Thus a realistic analysis of this second branch would have to be more elaborate than our present treatment.
Our results may also have relevance to astrophysical plasma problems such as coherent radiation from planetary magnetospheres and pulsars, although these situations may be further from our idealized geometry except when quasi-cylindrical filaments of plasma density exist, aligned along the magnetic field. 
